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Introduction
The universe is an open question, still, all the time we are learning more about it.
100 years ago we didn’t even knew how matter is composed, scientists believed that
the atoms were indivisible and though the fundamental components of all that exist.
Now we know much more, atoms are composed of a nucleus and electrons surrounding
it, the nucleus is a combination of protons and neutrons, and they are made of quarks.
So, at the moment we believe that quarks and electrons are fundamental particles. But
these are not the only particles we have discovered; a complete particle zoo is now part
of our theories that try to explain our existence.
The Standard Model has been a victory of modern physics. It describes the strong,
weak, and electromagnetic interactions, and their synthesis down to millifermis. Most
of its predictions have been found by almost half a century of experiments and all the
particles that it predicts have been seen experimentally; including leptons, neutrinos
and bosons, with the only exception of the Higgs boson (which is probably to be found
in following experiments like LHC).
Still it is believed to be incomplete. First it doesn’t include the forth fundamental
interaction, the gravity. Second it has too many parameters that have to be measured
experimentally, and with the technology we have, we still can’t measure some of them.
Third, it doesn’t provide any understanding for the dark matter and energy in the
universe. And finally (and the motivation for this thesis), whereas the Standard Model
predicts that neutrinos don’t have mass; today we know this isn’t true, making it a
handicap model, with a need for improvement.
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INTRODUCTION 2
There had been many theories and models that try to explain the neutrino mass and
what it implies about physics beyond the Standard Model. In order for neutrino to have
mass one possibility is to introduce a right handed neutrino in the model (since they
don’t exist in the Standard Model), in this thesis we have chosen a minimal scenario
were the right handed neutrino is a singlet (instead of, for example a part of a doublet
joint to a right handed charged lepton). In second place we have used the seesaw
model to explain why right handed neutrinos have not been detected directly, this have
been a successful model that predicts a light left handed neutral lepton (the standard
neutrino), and a heavy right handed neutral lepton (which is referred in many places
as the right handed neutrino), both of this are Majorana particles, being their own
antiparticles.
The problem with this kind of models (seesaw) is that have many free parameters,
that can’t be determinated by experiments, so it is necessary to create more ways to
measure these parameters, or is necessary to theoretically reduce the model. We have
chosen the second option, for this we have used an exchange symmetry between the µ
and the τ flavor of the neutrinos. This symmetry is suggested due to the measured values
in the atmospheric and the CHOOZ/PALOVERDE mixing angles, in the neutrino
oscillations. Using this symmetry the parameters of the model are reduced so almost
all can be determinated by experiments.
Since we will have CP violation phases in the neutrino mass matrix, we have also
propose the use leptogenesis to determine one more parameter. Leptogenesis is a model
that explains the baryon-antibaryon asymmetry in the universe, we can use it’s results
to determine one phase in our model.
Finally we did an approximation, for this we take values of the right handed neutrino
masses in the form: M3 >> M2 >> M1. With these we can make some predictions to
compare with results from experiments, in concrete we give a value for the neutrinoless
double beta decay.
INTRODUCTION 3
With the neutrinos theories born more than half a century ago, we still have more
to learn about this elusive particle, and with it, learn more about the universe we live
in; not only its present state, but also about it’s beginning (the Big Bang), and it’s
future. Neutrinos may even help understanding dark matter.
This thesis is just an academic exercise. Still, it is a good approximation to the
understanding of this fascinating particle: “The Neutrino”.
CHAPTER 1
Weak Interactions and the Neutrino
The story of the neutrino1 in physics starts many years before it was “invented”,
and eventually discovered; it starts with the discovery of the week interactions in 1896
by H. Becquerel [1]; he found evidence for spontaneous radioactivity effect in uranium
decay. One year later J.J. Thompson discovered the electron. This event gave birth to
particle physics, it also gave a much better understanding of chemistry, electricity, and
many other phenomena.
The first decade of the 1900 was essential for the understanding of modern physics.
In 1900 Planck started the quantum era and in 1905 Einstein started the relativistic
era. The second decade gave birth to nuclear physics when Rutherford found evidence
of an atomic nucleus in 1911. In that same year Millikan measured the electron charge.
In 1913 Bohr invented the quantum theory for atomic spectra, and only one year later
Chadwick [2] found that the spectrum for the β decay is continuous (which was con-
firmed in 1927 by Ellis and Wooster [3]). In 1919 Rutherford discovered that the atomic
nucleus has positive charged particles, called protons.
In the 1920’s the theory of quantum mechanics was formulated. In 1923 de Broglie
discovered the duality wave-corpse of the electron; in 1925 Pauli discovered the exclusion
principle, and Heisenberg gave the structure of quantum mechanics; after that in 1926
Shro¨dinger introduced the wave equation for quantum mechanics, and in 1927 and 1928
Dirac gave the foundations for Quantum Electrodynamics(QED) [4], and the relativistic
wave equation that describes the electron.
1I actually don’t mean a real neutrino, because many neutrinos exist since the Big Bang and many
others are created all the time. What I mean is how the theories regarding neutrinos and many other
particles were “discovered”.
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The forth decade was very important for the building of the weak interaction theory,
also for nuclear and particle physics. In 1930 Pauli proposed the existence of a neutral
particle emitted in β decay [5]; he called it neutron, but the name was changed four
years later to neutrino, when he explained the β decay [6] as a neutron decaying into
a proton, and electron and an anti-neutrino.
(1.1) n→ p+ + e− + ν¯.
In 1931 Dirac predicted the anti-matter and only one year later evidence of the
positron (the antiparticle of the electron) was found; in this same year (1932), Chadwick
found evidence of the existence of the neutron (the reason for the change of name for
the neutrino) which led to Heisenberg to postulate that the atomic nuclei is made of
neutrons and protons. In 1934 Fermi postulated the Lagrangian that describes the β
decay, also referred as the field theory for β decay [7]. In 1937 Majorana introduce his
theory for neutrinos. In 1937 and in 1940 the muon and muon decay were observed [8].
Between 1943 and 1949 the covariant QED theory was formulated by different people
[9, 10, 11, 12, 13]. In 1949 it was proposed in two different articles [14, 15] that
different processes of the same nature must have the same coupling constant (Fermi
constant). This is called the universality of Fermi weak interactions.
At the end of the 1950’s and after, there was a lot of work done perfecting the weak
interaction theory, and making experiments that confirm it, by finding new particles,
and measuring parameters. In 1957 evidence for parity violation was found in some
weak decays [16, 17, 18]. But it wasn’t until 1973 that the CP violation theory was
integrated in the standard model [19].
The theory of different bosons as carriers of the weak interaction took about 30 years
to be built, perfected and confirmed. It started in 1957, with just an idea [20, 21]. In
1961 the neutral boson was proposed [22] and was discovered in 1973 [23], which was a
great success for the model. And in 1983 evidence of the charged boson was found [24].
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In 1957 the neutrino theory was further developed, it was clear that the neutrino
has to be either left or right handed [25, 26, 27], one year later measurements of
a negative helicity in the neutrino were done [28], proving the left-handiness of the
neutrino because the weak interaction had a V- A structure [29, 30, 31]. It is interesting
to note that the neutrino wasn’t discovered experimentally until many years after it was
introduced; the electron neutrino was first detected in 1957, and the muon neutrino in
1962. And in 1958 and 1962 neutrino oscillations were proposed [32].
It was in the 60’s and the beginning of the 70’s when the Standard Model of particle
physics was completed as we know it today. Goldstone and Higgs constructed a model
for a spontaneous broken global symmetry of the Lagrangian, the first in 1961 for
massive scalar bosons [33], and the second in 1964 for massive vector bosons [34].
In 1961 and 1964 Glashow, Gell-man, Salam and Ward [22, 35, 36, 37] used the
gauge principle as a basis for quantum field theories of interacting fundamental fields
and then proposed a Lagrangian for the unification of the weak and electromagnetic
interactions. In that same year the quarks were “discovered” as fundamental parti-
cles that construct the hadrons (neutrons, protons, etc.). Finally in 1967 Weinberg
gave the Lagrangian for electroweak unification [38], and in 1973 Fritzsch, Gell-Mann
and Leutwyler proposed the Lagrangian for Quantum Chromodynamics (QCD), that
included the strong interaction in the model.
It wasn’t until many years later in 1989 that came the first experimental evidence
on the number of light neutrinos [39](for complete data of compiled experiments check
[41]), and consequentially three lepton families. And in 1998 Super-Kamiokande Col-
laboration confirmed the existence of neutrino oscillations [40].
CHAPTER 2
The Standard Model
The object of this chapter is to make a description of the construction of the Stan-
dard Model (also known as the Glashow-Weinberg-Salam theory for the weak and elec-
tromagnetic interactions)1. To understand the procedure some knowledge of quantum
guage field theory is necessary as well as familiarity with the phenomenology of the
weak interaction. For the propose of this thesis, it will be important to note the com-
plete Lagangian for the interaction in section 3, and to realize that with out loss of
generality this Lagrangian can be written in a diagonal base.
1. The Glashow-Weinberg-Salam theory
The matter sector of the Standard Model is composed of three families of quarks
and leptons; they interact with each other through gauge bosons, which are spin-1
particles. These interactions are invariant under local symmetry transformations (this
is the principle of gauge invariance).
The gauge group of the Standard Model is SU(3)c × SU(2)L × U(1)Y . Where the
right handed leptons interact only with the U(1)Y bosons, and the left handed leptons
interact under SU(2)L × U(1)Y . SU(3)c is the symmetry for the quark sector, where
the bosons are the gluons.
For the propose of this thesis we are only going to make use of the leptons and the
SU(2)L × U(1)Y symmetry, because we are not interested in the quark sector.
1This chapter was primary written following [42] and [43]
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To begin with the building, first, the left SU(2) doublet has to be defined, it consist
on the left handed electron spinor ℓL and the left handed electron neutrino spinor νL:
(2.1) L =
(
νL
ℓL
)
.
This two particles seem to be very different, the electron has mass and a charge,
and the neutrino has no mass in this model and has no charge. But it is important to
note that due to the fact that a SU(2) transformation mix the two spinor components
of an SU(2) doublet, only two spinor that have the same Lorentz transformation can be
put together in a doublet, since the left handed electron and the left handed neutrino
have the same transformation they are put in a doublet that has a transformation in
the form:
(2.2) L→ L′ = UL.
Until today, a right handed neutrino has not been found, this have many conse-
quences, including the fact that in this theory neutrinos doesn’t have mass, as it will
be explain in the next chapter. So the right handed electron spinor will be a singlet,
in contrast with the left doublet. It can be concluded that the transformation for this
singlet will be simply:
(2.3) ℓR → ℓ′R = ℓR.
2. Covariant Derivative
We have introduce the leptons in the theory, now let’s introduce a gauge fieldWµ(x)
this field is necessary to make the global SU(2) symmetry into a local one. In the form
of a 2 x 2 Hermitian matrix the field is:
(2.4) Wµ(x) = W
k
µσ
k =

 W 3µ (W 1µ − iW 2µ)
(W 1µ + iW
2
µ) −W 3µ

 ,
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where σk are the Pauli matrices.
Now we introduce a unitary matrix U(x) that can be expressed in the following
way:
(2.5) U = exp(−iαkσk),
where αk are three real numbers.
Using this matrix we can make the corresponding transformation for the Wµ(x):
(2.6) Wµ(x)→W’µ(x) = U(x)Wµ(x)U†(x) + (2i)/g2)(∂µU(x))U†(x).
The constant g2 is a parameter of the model that can be determinated by phenomenol-
ogy
In order to upgrade a global U(1) to a local one, it is necessary to introduce a gauge
field Bµ, it has the transformation:
(2.7) Bµ → B′µ = Bµ + 2/g1∂µθ.
With the help of this two fields we are able to write the covariant derivative for the
left doublet and for the right singlet, this covariant derivative is introduce to maintain
the SU(2)× U(1) symmetry. For the doublet:
(2.8) DµL = (∂µ + (ig1Y/2)Bµ + (ig2/2)Wµ)L,
and for the singlet:
(2.9) DµℓR = (∂µ + (ig1Y/2)Bµ)ℓR,
where Y is the hypercharge, which is −1 for the left doublets and −2 for the right
singlet. The field Wµ doesn’t appear in the derivative for the singlet since it is the field
associated with the SU(2) transformation.
The next step in the Glashow-Weinberg-Salam theory is to define the Weak angle
θW ; it is defined as a combination of the parameter constants g2 and g1 and can be
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determined with the phenomenology and the fact that we want to simplify the mass
Lagrangian as it will be seen is the next section. This angle is defined by:
(2.10) cos θW =
g2√
g21 + g
2
2
,
(2.11) sin θW =
g1√
g21 + g
2
2
.
The Weak angle is used to make a rotation in the axis, in the (Bµ,W
3
µ) space, in
the following way:
(2.12) Bµ = Aµ cos θW − Zµ sin θW ,
(2.13) W 3µ = Aµ sin θW + Zµ cos θW .
This way we will be able to have a covariant derivative that will be a function of the
physical fields Aµ and Zµ, where the first is related to the photon and the electromag-
netic field, and the second is related to the Z boson, and the weak force.
It’s also convenient to define W+µ and W
−
µ as a combination of W
1
µ and W
2
µ in the
following way:
(2.14) W+µ = (W
1
µ − iW 2µ )/
√
2,
(2.15) W−µ = (W
1
µ + iW
2
µ)/
√
2.
Explicitly, the covariant derivative for the left handed doublet:
(2.16) DµL =

∂µ

 1 0
0 1

+ ig2
2

 W 3µ √2W+µ√
2W−µ −W 3µ

 + ig1
2
Bµ

 1 0
0 1



(νL
ℓL
)
=

 ∂µ + ig22 W 3µ − ig12 Bµ ig2√2W+µ
ig2
√
2W−µ ∂µ − ig22 W 3µ − ig12 Bµ

(νL
ℓL
)
.
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Making the rotation of the axis it is easy to see that the covariant derivative will
have the form:
(2.17) DµL =

 ∂µ+Aµ( ig22 sin θW− ig12 cos θW )+Zµ( ig22 cos θW+ ig12 sin θW ) ig2√2W+µ
ig2
√
2W−µ ∂µ+Aµ(
−ig2
2
sin θW− ig12 cos θW )−Zµ(
ig2
2
cos θW− ig12 sin θW )

(νL
ℓL
)
.
The electron has charge -e, and the neutrino has neutral charge, so it is necessary
that the term associated with the field Aµ, will be only −ieAµ, for the electron, and
zero for the neutrino. This impose values for the free parameters, it is necessary that:
(2.18) g1 cos θW = g2 sin θW = −e.
Using these values the covariant derivative for the left doublet will finally be:
(2.19) DµL =

 ∂µ − iesin 2θW Zµ − ie√2 sin θWW+µ
− ie√
2 sin θW
W−µ ∂µ − ieAµ + (ie cot 2θW )Zµ

(νL
ℓL
)
.
In the same way, the covariant derivative for the right handed singlet will be:
(2.20) DµℓR = (∂µ − ig1
2
Bµ)ℓR,
the derivative will be, after making the rotation (2.12):
(2.21) DµℓR = [(∂µ − ieAµ) + ie tan θWZµ] ℓR.
3. Dynamical Part of the Lagrangian Density
Using the covariant derivative we can write the dynamical part of the Lagrangian
density as a combination of the left and the right part
(2.22) Ldyn = L
L
dyn + L
R
dyn = Liγ
µDµL + ℓRiγ
µDµℓR.
Making the corresponding matrix operations and including the covariant derivatives
for the left handed doublet(2.19), and the right handed singlet (2.21), the Lagrangian
will finally be
L = ν¯Liγ
µ∂µνL + ℓLiγ
µ∂µℓL + ℓRiγ
µ∂µℓR −→ Ldyn
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+eℓ¯Lγ
µAµℓL + eℓ¯Rγ
µAµℓR −→ LEM
− e
sin 2θW
ν¯Lγ
µνLZµ + e cot 2θW ℓLγ
µℓLZµ − e tan θW ℓ¯RγµℓRZµ −→ LZ
(2.23) − e√
2 sin 2θW
ν¯Lγ
µℓLW
+
µ −
e√
2 sin 2θW
ℓLγ
µνLW
−
µ −→ LW .
An interesting fact about this Lagrangian is the term LW , since it mixes the electron
and the neutrino fields by the means of the W boson.
It is important to remember that there are three families of leptons. One can easily
generalize the procedure done above by making the functions ℓL, ℓR and νL, into a 3×1
matrix vector, for the left handed charged lepton:
(2.24) ℓL =


eL
µL
τL

 .
For the right handed lepton:
(2.25) ℓR =


eR
µR
τR

 .
For the left handed charged neutrino:
(2.26) νL =


νeL
νµL
ντL

 .
We have formulated the Lagrangian for an SU(2)×U(1) theory, the next step is to
add the mass term, that will complement the theory and give it physical meaning.
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4. The Higgs Mechanism
The Lagrangian for a scalar field is:
(2.27) Lscalar = ∂µφ
†∂µφ− V (φ†φ).
The potential has the form:
(2.28) V (φ†φ) = µ2φ†φ+ λ(φ†φ)2.
The first term seems to be related to the mass, and the second to a self-interaction of
the scalar field. The function φ is actually a doublet, and has the components:
(2.29) φ =

 φ+
φ0

 ,
with an expectation value in the vacuum (i.e, the minimum energy state):
(2.30) 〈φ〉 =

 0
v

 ,
where v can be calculated by the usual methods, using the energy as the function to
minimize, leading to:
(2.31) v =
√
−µ
4λ
.
Now we will use the covariant derivative for a doublet (2.8)
(2.32) Dµφ = (∂µ + (ig1/2)Bµ + (ig2/2)W
k
µσ
k)φ,
where Y = 1 for the Higgs doublet.
Looking at the Lagrangian (2.27), we realize that to calculate the mass terms in the
Lagrangian we have to evaluate the scalar field of the square of the derivative (2.32),
the mass terms will be:
(2.33) Lm = (0 v)((−ig1Y/2)Bµ + (−ig2/2)W aµσa)((ig1/2)Bµ + (ig2/2)W bµσb)
(
0
v
)
.
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making the product will lead to:
(2.34) Lm =
v2
4
[
g22(W
1
µ)
2 + g22(W
2
µ)
2 + (−g2W 3µ + g1Bµ)2
]
.
Quadratic terms in a Lagrangian can be interpreted as mass terms, so there will be
three massive vector bosons, two in the form:
(2.35) W±µ =
1√
2
(W 1µ ∓W 2µ),
which have a mass mW = gv/
√
8, the third one will be:
(2.36) Zµ =
1√
g22 + g
2
1
(g2W
3
µ − g1Bµ),
which have a mass mz =
√
g22 + g
2
1v/
√
8. Also there will be a massless vector field
(mA = 0), which is the electromagnetic vector potential, and has the form:
(2.37) Aµ =
1√
g22 + g
2
1
(g1W
3
µ + g2Bµ).
Now we will rewrite the covariant derivative for the fields we’ve just found, for this
we will use T k as generators for the SU(2) group instead of the Pauli matrices, so in
terms of the mass eigentsate fields, the derivative will be, using T± = (T 1 ± iT 2):
(2.38) Dµ = ∂µ − g2√
2
(W+µ T
+ +W−µ T
−)− i 1√
g22 + g
2
1
Zµ(g
2
2T
3 − g21Y )
−i g2g1√
g22 + g
2
1
Aµ(T
3 + Y ).
From the last term we can conclude that the massless gauge boson couples with the
gauge generator (T 3+ Y ), which means that this gauge generator is the electric charge
quantum number Q, we can also conclude that the electric charge e, must be:
(2.39) e =
g2g1√
g22 + g
2
1
.
Comparing equation (2.39) with (2.18) will lead us to conclude as mentioned in
section 2 of this chapter that:
(2.40) cos θW =
g2√
g21 + g
2
2
,
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(2.41) sin θW =
g1√
g21 + g
2
2
.
Which is the definition for the Weak angle.
CHAPTER 3
Lepton masses
Neutrino masses are not included in the Standard Model; the object of this chapter
is to introduce the different types of mass terms that can be added to the Lagrangian
if a right handed neutrino is introduced to the model, this will mean new physics. At
the end of the chapter we want to have built a mass Lagrangian for all the leptons. We
will also observe that there are Dirac and Majorana particles, each with different mass
terms. Finally we will introduce the seesaw model that will predict light masses for the
left handed neutrinos if the right handed neutrinos have heavy masses.
1. Dirac Vs Majorana
The electron, the muon and the tau are the charged leptons, these are called Dirac
particles (though they are not the only ones), because they obey the Dirac equation.
This kind of particles can be described by a four component spinor; two components for
the left and right chiriality particles, and two for the right and left handed antiparticles.
In the case of neutrinos there are three possibilities, the first one is that if neutrinos
are massless they can be described with a two component spinor (Weyl spinor), but we
know neutrinos must have mass (depending on the hierarchy of the masses one can be
zero), so this is not an option. The second is that neutrinos have the same behavior as
the charged leptons, so they must be Dirac particles described by Dirac spinors. But
there is a third option, if neutrinos are their own antiparticles (which can be possible
since neutrinos don’t have charge), then a two component spinor (Majorana spinor)
can be use to describe them.
Now let’s explain the chiriality projector operators (for reviews read: [55, 56, 57]);
these are projectors that make the complete wave function to transform into an either
16
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left or right wave function, and if the wave function already has a chiriality, then it stays
the same or is zero depending if the projector is of the same chiriality of the opposite
one, this means:
(3.1) PR,Lψ = ψR,L,
PR,LψR,L = ψR,L,
PLψL = ψL,
PL,RψR,L = 0,
PR,LψR,L = ψR,L,
where PR,L = (1± γ5)/2 is the chiriality operator.
Mass terms in the Lagrangian may convert terms from one chiriality to another, or
even to a different flavor, in the case of neutrinos there are two different kinds of terms
for the mass, the Dirac term and the Majorana term. For this we will consider the wave
functions νL and νR, but also the charged conjugated wave functions (νL)
c and (νR)
c,
defined as:
(3.2) (νL)
c ≡ CνLT , (νR)c ≡ CνRT .
Here, C is the charge conjugation operator and has the following properties:
(3.3) CC† = 1, CT = −C, CγTαC−1 = −γα.
And consequentially form (3.2) and (3.3) :
(3.4) (νL)c = −νTLC−1, (νR)c = −νTRC−1.
Now let’s use these wave functions to produce the mass term in the Lagrangian, the
first one is the Dirac mass term, and it’s constructed with the non-charged conjugate
terms νL and νR
(3.5) L D = −νRMDνL +H.c.
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The second term is the Majorana mass term, and is constructed between a charged
conjugated wave function and a non-charged conjugated.
(3.6) L M = −1
2
(νR)cMMνR +H.c.
Another possible mass term can be:
(3.7) L ML = −1
2
(νL)cMLνL +H.c.
All other possible combinations can be reduced to one of these three terms, for example:
(3.8) (νL)cM
D(νR)
c = −νTLC−1MDCνRT = νR(MD)TνL.
2. Yukawa Couplings
Gauge invariance prevents the existence of mass terms in the Lagrangian for stan-
dard leptons. In order to generate mass we introduce Yukawa interaction terms [46],
that are allowed by gauge invariance, and then use the vacuum expectation values, to
break the symmetry and generate the mass.
The Yukawa Lagrangian for the SU(2) × U(1) model will be (see for instance [59,
60]):
(3.9) −LY =
∑
a,b
[
h
(ℓ)
ab LaφℓbR
]
+H.c.
Where φ is the Higgs doublet, L is the left lepton doublet, ℓR is the right lepton singlet,
h(ℓ) is the coupling matrix, the indices a and b are lepton family indices φ is the Higgs
doublet.
Breaking the symmetry by introducing the vacuum expectation value will led to the
mass Lagrangian:
(3.10) −Lmass =
∑
a,b
[
ℓaLM
ℓ
abℓbR
]
+H.c.
Where the mass term for the charged leptons is defined as:
(3.11) M
(ℓ)
ab = h
(ℓ)
ab v.
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In the same manner we can introduce a Yukawa coupling to generate Dirac mass
terms for neutrinos
(3.12) −LY =
∑
a,b
[
h
(ν)
ab LaφˆνbR
]
,
where:
(3.13) φˆ = iσ2φ
∗.
Which after symmetry breaking will lead to the Dirac mass term (3.5).
An important propriety of the Majorana mass matrix it is that it is symmetric with
respect to its diagonal, which means that in general it has 12 independent parameters (6
real masses, and 6 phases). The demonstration for this can been seen in reference [58].
3. Complete Mass Lagrangian Density
Using the mass terms introduced previously we can construct the mass Lagrangian
for the leptons, it will be:
(3.14)
Lmass = L
ℓ + L D + L M =
∑
a,b
[
−ℓaLM ℓabℓbR − νaLMDabνbR −
1
2
(νaR)cM
M
ab νbR
]
+H.c.
The left Majorana term (3.7) has not been used, the reason to do this is due to a
practical approach: We are looking for simplicity. This term cannot be generated by
the couplings to standard Higgs at the renormalizable level. Not using this term will
make a simpler model, will prevent adding new particles and most important will allow
us to use the seesaw mechanism which will lead to some interesting predictions, as it
will be seen in next section.
Taking only the neutrino mass terms in the Lagrangian, and introducing the new
base
(3.15) N =

 (νL)c
νR

 .
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Then we can write the Lagrangian as:
(3.16) −Lmass = ℓLMℓℓR + 1
2
N cMN +H.c,
where M is a 2 x 2 matrix in the form:
(3.17) M =

 0 MD
MTD MM

 ,
where MD and MM are in general 3 x 3 non-diagonal matrices.
4. Seesaw Mechanism
It’s easy to diagonalize the mass matrix M. For this we will need to calculate he
eigenvalues, and for simplicity we have chosen to use the matrices MM and MD to be
1 x 1, and then generalize to the case 3 x 3, the secular equation will be:
(3.18) m1,2 =
MM ±
√
(MM)2 +
4M2D
M2M
2
.
Now we can make an approximation, for this we will make the assumption that
MM >> MD, that can be made just by arguing that nature makes this hierarchy and
remembering that if x << 1 then:
√
1 + x ≈ 1 + x/2.
This will lead to two different masses
(3.19) m1 ≈MM + M
2
D
MM
≈MM ≡MR,
and
(3.20) m2 ≈ −M
2
D
MM
≡ mL.
This is called the seesaw mechanism [61], and what it actually means is that since
MM >> MD, by this mechanism we have generated two masses, where m1 is much
much bigger than m2, so there will be two kinds of neutrinos, the left handed neutrino
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which is the lightest particle (below the quark and electron mass) and the right handed
neutrino which is a very heavy particle (above the Higgs boson mass).
The mass Lagrangian for the left and right handed neutrinos in this new base 1, for
a single generation, will simply be:
(3.21) −Lmass = mL(νL)cνL +MR(νR)cνR +H.c.
A simple calculation can demonstrate that in this base, both particles are Majorana
particles [62] and that for 3 generations we will have 6 particles, where the seesaw mass
matrix for the left handed fields, will be (at a the lower order):
(3.22) Mν =MD
1
MM
MTD .
1We maintain the same notation for the right and left handed neutrinos because even tough we
have a new base, the mixture will be very small, that will be on the order of MD/MM ∼ O(10−11)
CHAPTER 4
Neutrino oscillations
Neutrino oscillations have been confirmed [51], but the theory regarding neutrino
oscillations was proposed almost fifty years ago, by Pontecorvo, Maki, Nakagawa and
Sakata, giving the mixing matrix the name PMNS [32]. The objective of this chapter is
to observe some of the proprieties of this oscillations. Also we will count the number of
parameters that the mixing matrix must have so we can construct it explicitly. Finally
we will observe how this matrix is used in the Lagrangian for the theory.
1. Mass and Flavor Bases
To start the theory of neutrino oscillations we have to assume that there are two
different bases for neutrino wave functions, the first is for the mass eigenstates, in this
base neutrinos have a definite mass and are freely propagating; the other base is for a
combination of the mass eigenstates and are the electron (νe), muon (νµ) and tau (ντ )
neutrinos. This can be written in terms of each other in the following way:
(4.1) νℓ =
3∑
m=1
Uℓmνm,
where the index ℓ can be e, µ or τ , and the indexm represents the three mass eigenstates,
and U is called the mixing matrix.
2. Neutrino oscillations in Vacuum
The wave function for a neutrino with defined momentum p at a time t = 0 is [52]
(4.2) ψ(x) = νℓe
ipx.
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Using the superposition (4.1):
(4.3) ψ(x) =
∑
m
Uℓmνme
ipx,
and the relativistic energy:
(4.4) Em =
√
p2ν +m
2
m,
the wave function ψ will be after a time t
(4.5) ψ(x, t) =
∑
m
Uℓmνme
ipxe−iEmt.
Since neutrinos travel at near speed of light we can make the approximation t ≈ x,
so:
(4.6) ψ(x, x) ≈
∑
m
Uℓmνme
−i[m2m/2pν]x,
where we have used the approximation mm << pν , and consequently:
(4.7) Em ≈ pν + m
2
m
2pν
.
This approximation can be done because neutrinos have very small masses, but high
momentum due to very high speed.
If we express νm as a linear combination of νℓ we get:
(4.8) ψ(x, x) =
∑
ℓ′
[∑
m
Uℓme
−i(m2m/2pν)xU∗ℓ′m
]
νℓ′ ,
where:
(4.9) νm =
∑
ℓ′
U∗ℓ′mνℓ′.
One can see in (4.8) that the coefficient has a relation with the probability of a neutrino
νℓ to have a new flavor ℓ
′ after traveling a distance x, this will be
(4.10) P (ℓ→ ℓ′, x) =
[∑
m′
U∗ℓm′e
i(m2
m′/2pν)xUℓ′m′
]
·
[∑
m
Uℓme
−i(m2m/2pν)xU∗ℓ′m
]
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=
∑
m
|Uℓm|2 |Uℓ′m|2 +
∑
m′ 6=m
Re(UℓmU
∗
ℓm′Uℓ′m′U
∗
ℓ′m) cos(
m2m −m2m′
2pν
x)
+
∑
m′ 6=m
Im(UℓmU
∗
ℓm′Uℓ′m′U
∗
ℓ′m) sin(
m2m −m2m′
2pν
x).
We can see that the probability of a neutrino oscillating between flavors has to do
with the difference in the squared masses ∆m2, and the distance the neutrino travels.
So experimentally it is clear that we can’t measure directly the mass of a neutrino in
neutrino oscillations experiments 1, but we can measure ∆m2.
3. Mixing matrix
To determine the mixing matrix U of (4.1) let’s begin by counting the number of
independent parameters the matrix can be expressed with [53].
First, let’s start by remembering that we have three families of lepton doublets,
this means there are six leptons: electron, muon, tau, electron neutrino, muon neutrino
and tau neutrino. This will make the mixing matrix a 3 × 3 matrix that in principle
will have 18 parameters: nine real parameters and nine imaginary phases. U must be
unitary ( i.e UU † = 1), this impose nine constrains in the matrix. This will make our
count for independent parameters to be nine.
For every wave function there is an unphysical phase that can be removed, since
there are six wave functions, then in principle we could remove six more parameters,
but one of the phases can be chosen to be zero, so then we will have five parameter to
remove, and that will leave 9− 5 = 4 independent parameters.
Let’s see this explicitly; from the four parameters, three are angles and one is a
phase; the angles are used to represent a rotation between a neutrino of one flavor to
1We could measure directly the mass of neutrino in the beta decay, by measuring the energy
difference between the neutron with the proton and the electron (leaving only the energy of the
neutrino), but this require extremely sensitive detector and the technology doesn’t exists yet.
3. MIXING MATRIX 25
another flavor. We choose the parameterization used in [54], so the mixing matrix will
be:
U =


1 0 0
0 cy sy
0 −sy cy

 ·


cz 0 sze
iδ
0 1 0
−sze−iδ 0 cz

 ·


cx sx 0
−sx cx 0
0 0 1

 .
(4.11) =


cxcz sxcz sze
−iδ
−sxcy − cxsyszeiδ cxcy − sxsyszeiδ sycz
sxsy − cxcyszeiδ −cxsy − sxcyszeiδ cycz

 .
Making a simple change of notation: cx = c12, cy = c23, cz = c13, sx = c12, sy = c23
and sz = c13 (This change is made because is more easy to understand the oscillations
as a change form neutrino i to a neutrino j, and not as a rotation of axis). And with
an adequate change in the phase for the angles, we get [45]:
(4.12) U =


c12c13 −s12c13 c12s13e−iϕ
s12c23 + c12s23s13e
iϕ c12c23 − s12s23s13eiϕ −s23c13
s12s23 − c12c23s13eiϕ c12s23 + s12c23s13eiϕ c23c13

 .
Due to the U(1) symmetry of the wave function for leptons, we could multiply the
matrix U by a diagonal matrix of phases:
(4.13) K =


eiα 0 0
0 eiβ 0
0 0 eiγ

 ,
so finally:
(4.14) UPMNS = U ·K.
The matrix of phases K is introduced because we want the Majorana mass matrix
to have real eigenvalues, so by introducing this matrix we will move the phases form the
Majorana mass matrix to the mixing matrix. But due to a global U(1) symmetry the
diagonal Majorana mass matrix only has two physical complex phases, so one of the
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phases is set to zero, and this will leave only three independent phases (one Dirac phase,
and two Majorana phases). But one can choose to leave the phases in the Majorana
mass matrix if it helps to reduce parameters in future calculations.
Now we will show the exact part of the theory were the mixing matrix is used, for
this we will start with the complete Lagrangian for the lepton model
(4.15) L = ν¯Liγ
µ∂µνL + ℓ¯Liγ
µ∂µℓL + ℓ¯Riγ
µ∂µℓR + eℓ¯Lγ
µAµℓL + eℓ¯Rγ
µAµℓR
− e
sin 2θW
ν¯Lγ
µνLZµ + e cot 2θW ℓLγ
µℓLZµ − e tan θW ℓ¯RγµℓRZµ
− e√
2 sin 2θW
ℓ¯Lγ
µνLW
−
µ − ℓLMℓℓR − νLMDνR −
1
2
(νR)cMMνR +H.c.
And now we will try to diagonalize as much as we can. To be in a diagonal base is
important because a non-diagonal base will mean that there is some kind of interaction
or oscillation between the 3 families, and for example we know that the dynamical part
of the Lagrangian must not have this kind of interactions, also for example we know to a
very exact limit, the masses for the three charged leptons, so the part of the Lagrangian
for these masses will have to be in a mass eigenstate base, which means that the mass
matrix for these should be diagonal with three different eigenstates.
With out loss of generality, it can be assumed that all the terms in the Lagrangian
are already on a diagonal base, but the three mass terms. To try to diagonalize, as
much as we can, we will only take four parts of the Lagrangian, the interaction with
the W boson (which is already in a diagonal base) and the mass terms, so we will have
the following Lagrangian:
(4.16) −L = ℓLMℓℓR + νRMDνL + 1
2
(νR)cMMνR +
e√
2 sin 2θW
νLγ
µℓLW
+
µ +H.c.
Now we can introduce some unitary matrices (or orthogonal) by pairs in strategic
places, so the Lagrangian would be:
(4.17) L = −ℓLULU †LM ℓURU †RℓR − νRVRV †RMDVLV †LνL −
1
2
(νR)cVRV
T
RM
MVRV
T
R νR
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− e√
2 sin 2θW
νLγ
µVLU
†
LℓLW
+
µ +H.c.
and make the following transformations for the masses:
(4.18) MDiagℓ = U
†
LMℓUR, M
Diag
D = V
†
RMDVR, M
Diag
M = V
T
RMMVR,
and for the wave functions:
(4.19) ℓLUL = ℓ
′
L, ℓRUR = ℓ
′
R, νRVR = νR
′, νLVL = νL
′.
The only part of the Lagrangian that was not diagonalized was the interaction with
the W boson, and the mixing matrix will be:
(4.20) VLU
†
L = UPMNS.
This is the PMNS Matrix (4.14) that has been introduced in this chapter.
CHAPTER 5
µ-τ symmetry
In this chapter we will explain why we are interested in this symmetry, first we
will make a unitary transformation on a diagonal matrix using the mixing matrix and
experimentally measured values of two of the angles, this will suggest that the mass
matrix for neutrino might have a µ-τ symmetry. Then we will construct the Majorana
and the Dirac mass matrices using this symmetry. We will find that one of the angles is
related to a combination of the components of the Majorana mass matrix, and finally
we will find equations that relate the mass of the neutrinos in the mass eigenstate and
the components of the Majorana mass matrix in the flavor base.
1. Why µ-τ symmetry?
The PMNS matrix (4.12) is:
(5.1) UPMNS =


c12c13 −s12c13 c12s13e−iδ
s12c23 + c12s23s13e
iδ c12c23 − s12s23s13eiδ −s23c13
s12s23 − c12c23s13eiδ c12s23 + s12c23s13eiδ c23c13

 .
where c12 ≡ cos θ12, c13 ≡ cos θ13, c23 ≡ cos θ23 and s12 ≡ sin θ12, s13 ≡ sin θ13, s23 ≡
sin θ23.
The Super-Kamiokande experiment [40] gave for the first time in 1998 irrefutable
evidence of neutrino oscillation, current data obtained from different experiments (i.e
CHOOZ, PALOVERDE, MINOS and KamLand) suggest that the µ and τ neutrino are
maximally mixed in atmospheric neutrino oscillations [47, 48, 49], and that there is
null mixing between electron neutrinos and tau neutrinos in atmospheric measurements,
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the combined data of all the experiments [50] gives the following results:
(5.2) θ12 = 33.7± 1.3, θATM = θ23 = 43.3+4.3−3.8, θ13 = 0+5.2−0.0.
These results give the idea that we could use the following angles:
(5.3) θ23 ≈ π/4, θ13 ≈ 0.
With these values, the mixing matrix (with out the complex Majorana phases) is
rewritten as:
(5.4) U
(µ↔τ)
PMNS =


cos θ12 − sin θ12 0
sin θ12/
√
2 cos θ12/
√
2 −1/√2
sin θ12/
√
2 cos θ12/
√
2 1/
√
2

 .
The δ phase (called Dirac phase) have disappeared from the mixing matrix, this is
due to the fact that this phase is always multiplied by the sin θ13, in the limit where
this angle is zero, then the sine goes to zero as well. But we have to be careful because
this happens only in the limit, if θ13 is slightly different form zero, then the phase will
not disappear, and will be another parameter for the model.
Matrix (5.4) diagonalizes the mass matrix, so if we have a non diagonal matrix M
we can transform it into a diagonal one by the operation:
(5.5) Mdiag = U †MU.
Which implies the inverse operation:
(5.6) M = UMdiagU †.
Where Mdiag a diagonal non-degenerate mass matrix
(5.7) Mdiag =


M1 0 0
0 M2 0
0 0 M3

 .
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And using the PMNS matrix, the non-diagonal mass matrix will be, after applying
operation (5.6):
(5.8)
M =


M1 cos
2 θ12+M2 sin
2 θ12 (M1−M2) cos θ12 sin θ12/
√
2 (M1−M2) cos θ12 sin θ12/
√
2
(M1−M2) cos θ12 sin θ12/
√
2 (M3+M2) cos
2 θ12+M1 sin
2 θ12/2 (−M3+M2) cos2 θ12+M1 sin2 θ12/2
(M1−M2) cos θ12 sin θ12/
√
2 (−M3+M2) cos2 θ12+M1 sin2 θ12/2 (M3+M2) cos2 θ12+M1 sin2 θ12/2

 .
Which has the general form:
(5.9) M =


a b b
b c d
b d c

 .
This matrix clearly has a µ − τ symmetry because the exchange of the elements Meµ
with Meτ , Mµe with Mτe, Mµµ with Mττ and Mµτ with Mτµ leaves the matrix intact.
This gives the idea that there is a hidden µ− τ symmetry in the neutrino sector, that
has to be broken, because the symmetry does not exists in the charged lepton sector.
i.e. the muon mass is different to the tau mass.
2. Majorana and Dirac Mass Matrices
The general form for mass matrix related to the neutrinos is:
(5.10) M =


Mee Meµ Meτ
Mµe Mµµ Mµτ
Mτe Mτµ Mττ

 .
Then the explicit form of the mass matrices, when there is a µ− τ symmetry involved,
can be calculated noting that there are going to be equal terms in the matrix, this are:
Meµ = Meτ , Mµµ = Mττ , Mµe = Mτe and Mµτ = Mτµ. Using these we will have that
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the Majorana mass matrix has the form:
(5.11) M
(µ↔τ)
M =


Mee Meµ Meµ
Meµ Mµµ Mµτ
Meµ Mµτ Mµµ

 ,
whereas the Dirac mass matrix becomes:
(5.12) M
(µ↔τ)
D =


Dee Deµ Deµ
Dµe Dµµ Dµτ
Dµe Dµτ Dµµ

 .
The only difference between the form of this two matrices is that the Majorana
matrix is symmetrical with respect to the diagonal (as explained in chapter 3), and
the Dirac matrix isn’t, so for the Majorana mass matrix the condition Mµe = Mτe
was actually not used. This means that the Majorana matrix will have in principle 8
independent parameters (4 real masses and 4 complex phases) and the Dirac matrix
will have 10 (5 real masses and 5 complex phases). The µ-τ symmetry had reduced the
number of parameters for both the matrices.
3. Value for sin θ12
If we postulate that the Majorana mass matrix must have the µ− τ symmetry, and
apply the operation (5.5), then if we start with the matrix:
(5.13) M
(µ↔τ)
M =


Mee Meµ Meµ
Meµ Mµµ Mµτ
Meµ Mµτ Mµµ

 .
After applying the operation the “diagonal” matrix will be:
(5.14) Mdiag =

Mee cos
2 θ12+(Mµµ+Mµτ ) sin
2 θ12+
√
2Meµ sin 2θ12
√
2Meµ cos 2θ12+1/2(Mµµ+Mµτ−Mee) sin 2θ12 0
√
2Meµ cos 2θ12+1/2(Mµµ+Mµτ−Mee) sin 2θ12 Mee sin2 θ12+(Mµµ+Mµτ ) cos2 θ12−2
√
2Meµ cos θ12 sin θ12 0
0 0 Mµµ−Mµτ

 .
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In order to make this mass matrix really diagonal it is necessary to impose a value on
the angle sin θ12, an easy algebraic operation shows that:
(5.15) tan 2θ12 =
√
8Meµ
−Mµµ −Mµτ +Mee .
For a Majorana mass matrix we will have in the most general case 8 parameters,
this means that we need 8 different experiments that can provide us with values, that
will able us to completely determine all the elements of the matrix, equation (5.15) is
the first equation that we need to do this. It is clear that since the tangent is a real
number, the phases of the right handed part of this equation have to be eliminated.
This implies that:
(5.16) Im [Meµ] = Im [−Mµµ −Mµτ +Mee] .
This equation gives a constriction that helps us to determine the parameters of the
Majorana mass matrix.
4. Value for the Majorana Masses
Using (5.15) in (5.14) we can work out the values for the masses of the neutrino
in the mass eigenstate, as a factor of the masses in the flavor state and the Weinberg
angle and have equations that will work for any Majorana particle. These are:
(5.17) M1 = Mee +
√
2Meµ tan θ12,
(5.18) M2 = Mee −
√
2Meµ cot θ12,
and
(5.19) M3 =Mµµ −Mµτ .
In general these masses are going to be complex.
Making a little algebra we can get the values of the square difference of the masses,
which as explain earlier are important quantities, since this are the values we can
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measure experimentally.
(5.20) ∆M2⊙ ≡ ∆M221 = |M2|2 − |M1|2 ,
and
(5.21) ∆M2ATM ≡
∣∣∆M232∣∣ = ∣∣|M3|2 − |M2|2∣∣ .
In the case where there are no phases (real masses), this equations can be written as
(5.22) ∆M221 = (Mee +Mµµ +Mµτ )
√
8(Meµ)2 + (−Mee +Mµµ +Mµτ )2,
(5.23) ∆M232 = −2(Meµ)2 +
1
2
(Mµµ)
2 − 3MµµMµτ + 1
2
(Mµτ )
2 − 1
2
(Mee)
2 − .
1
2
(Mµµ +Mµτ +Mee)
√
8(Meµ)2 + (Mµµ +Mµτ −Mee)2.
Experimentally we can measure the square difference of the masses, and M3 (The
hierarchy), so we have four equations to determine the values of the masses in matrix
(5.13). In the limit were all elements of the matrix are real, then we will have 4
parameters, and 4 equation, so the system is completely determined.
CHAPTER 6
A Model for Neutrino Mass in the Seesaw mechanism
The goal for this chapter is to use the µ-τ symmetry to reduce the number of
parameters on the mass matrices even further, so we will be able determine as many
parameters as possible. For this we will diagonalize the Majorana mass matrix, and
leave a non-diagonal Dirac mass matrix with all the phases of the model included on
it, then we will make all the possible phase transformations to reduce more phases, and
finally we will use the see-saw mechanism to calculate the left neutrino mass matrix
with as few parameters as possible.
1. The Lagrangian for the Model
Now we will build a model for the neutrino mass, for this we will start by using the
following components (with their corresponding quantum numbers):
Component SU(3) SU(2) U(1) Notation
Left handed doublet for leptons L 1 2 -1 (1,2,-1)
Right handed singlet for leptons ℓR 1 1 -2 (1,1,-2)
Right handed neutrino NR 1 1 0 (1,1,0)
Higgs doublet φ 1 2 1 (1,2,1)
Then we will use a base were the charged lepton mass and the interaction with the
W boson are diagonal, for this we can use 3×3 flavor transformations (in a similar way
as chapter 4), explicitly:
(6.1) L = −ℓ¯LMℓℓR − e√
2 sin 2θW
ν¯Lγ
µℓLW
+
µ +H.c
= −ℓ¯LULU †LMℓURU †RℓR −
e√
2 sin 2θW
ν¯LU
†
Lγ
µU †LℓLW
+
µ +H.c
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= ℓ¯LM
Diag
ℓ ℓR −
e√
2 sin 2θW
ν¯Lγ
µℓLW
+
µ +H.c.
Where the transformations used are:
(6.2)
ℓL → U †LℓL
νL → U †LνL
} L→ U †LL.
ℓR → U †RℓR.
such that U †LMℓUR = M
Diag
ℓ .
Now we are left with two non diagonal terms in the Lagrangian (the Majorana and
the Dirac Masses), only the Majorana mass term can be diaginalized, because trying
to diagonalize the Dirac mass term will make a change of base in νL and will cause
mixing in the interaction with the W boson. Let’s remember that we have assumed
µ− τ symmetry, so the two term Lagrangian for the neutrino mass will be:
(6.3) L (µ↔τ)mass = −νLM (µ↔τ)D νR −
1
2
(νR)cM
(µ↔τ)
M νR +H.c.
where the masses M
(µ↔τ)
D and M
(µ↔τ)
M are the ones defined in (5.11) and (5.12).
Accordingly to chapter 4 we can use (4.14) to diagonalize the Majorana matrix, so
the Lagrangian will transform into:
(6.4)
L
(µ↔τ) = −νLM (µ↔τ)D U(µ↔τ)U †(µ↔τ)νR−
1
2
(νR)cU(µ↔τ)U
T
(µ↔τ)M
(µ↔τ)
M U(µ↔τ)U
T
(µ↔τ)νR+H.c
= −νLM ′DνR −
1
2
(νR)cM
Diag
M νR +H.c.
Where we have used the orthogonal transformation:
(6.5) UT(µ↔τ)νR → νR.
And the transformations for the masses:
(6.6) UT(µ↔τ)M
(µ↔τ)
M U(µ↔τ) =M
Diag
M , MDU(µ↔τ) = M
′
D.
It’s important to note here that the Majorana massMDiagM , is not only diagonal, but
has real eigenvalues, to observe this explicitly let’s remember that the mixing matrix
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can be multiplied by a diagonal matrix with three phases, so the diagonalization of the
Majorana mass is:
(6.7) UTMMU = (V K)
TMM (V K) = K(V
TMMV )K = KM
Diag
M K =


eiα 0 0
0 eiβ 0
0 0 eiγ

 ·


M1e
iψ1 0 0
0 M2e
iψ2 0
0 0 M3e
iψ3

 ·


eiα 0 0
0 eiβ 0
0 0 eiγ

 =


M1e
i(ψ1+2α) 0 0
0 M2e
i(ψ2+2β) 0
0 0 M3e
i(ψ3+2γ)

 .
The choice α = −ψ1/2, β = −ψ2/2 and γ = −ψ3/2, will make real the eigenvalues of
the Majorana mass, as previously noted, but this mean that the phases α, β and γ will
not be free in the future. This will leave as the only non-diagonal term the Dirac mass
M ′D.
2. Seesaw with the Dirac mass
Now, we will see the form of the Dirac mass matrix, starting by a general form of
the 3 x 3 matrix with µ-τ symmetry:
(6.8) MD =


Dee Deµ Deµ
Dµe Dµµ Dµτ
Dµe Dµτ Dµµ

 .
Let’s remember that in general the elements of this matrix are complex, so in prin-
ciple we have 5 real parameters and 5 phases in the matrix, leaving a total of ten
independent parameters.
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Next we will use the PMNS mixing matrix with µ-τ symmetry, calculated in equa-
tion (4.14) of chapter 5.
(6.9) U =


eiα1 cos θ12 −eiα2 sin θ12 0
eiα1 sin θ12√
2
eiα2 cos θ12√
2
−eiα3√
2
eiα1 sin θ12√
2
eiα2 cos θ12√
2
eiα3√
2

 .
And make the explicit transformation for the Dirac mass term using UPMNS as U(µ↔τ)
of equation (6.6), we made this choice because in chapter 5 we have demonstrated that
this matrix is the one that diagonalize MM .
(6.10) M ′D = MD · U =

eiα1(Dee cos θ12+
√
2MDeµ sin θ12) eiα2 (
√
2Deµ cos θ12−Dee sin θ12) 0
1
2
eiα1(2Dµe cos θ12+
√
2(Dµµ+Dµτ ) sin θ12)
1
2
eiα2(
√
2(Dµµ+Dµτ ) cos θ12−2Dµe sin θ12) e
iα3 (−Dµµ+Dµτ )√
2
1
2
eiα1(2Dµe cos θ12+
√
2(Dµµ+Dµτ ) sin θ12)
1
2
eiα2(
√
2(Dµµ+Dµτ ) cos θ12−2Dµe sin θ12) e
iα3 (Dµµ−Dµτ )√
2

 .
This matrix has the form:
(6.11) M ′D =


De1e
iα De2e
iγ 0
Dµ1e
iβ Dµ2e
iω −Dµ3eiρ
Dµ1e
iβ Dµ2e
iω Dµ3e
iρ

 ,
where the components Dmn are real. This means that this matrix has 10 parameters.
With out loss of generality we can make another transformation, but this time a
phase transformation for each standard lepton, by using a 3 x 3 diagonal matrix with
three different phases. We can make this transformation in the left and right handed
charged lepton and in the left handed neutrino, in the following way:
(6.12) νL → PνL, ℓL,R → PℓL,R.
Note that we can’t make the transformation for the right handed neutrino wave function,
this is because we have assumed that the Majorana mass term is diagonal with real
positive eigenvalues, if we make this transformation, the matrix will still be diagonal,
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but will have complex values; mathematically this can be made, but for the model we
are building we want all the phases to be in the Dirac mass matrix.
Finally the Dirac mass matrix will be:
(6.13) M ′′D = P ·M ′D =


De1e
iα+δ1 De2e
iγ+δ1 0
Dµ1e
iβ+δ2 Dµ2e
iω+δ2 −Dµ3eiρ+δ2
Dµ1e
iβ+δ3 Dµ2e
iω+δ3 Dµ3e
iρ+δ3

 ,
where the matrix P is:
(6.14) P =


eiδ1 0 0
0 eiδ2 0
0 0 eiδ3


These three phases have no physical meaning, they have being introduced in order
to eliminate phases in one of the mass matrices, but once the choice have being made,
the phases cant be changed, so we will be able to eliminate some phases in the Dirac
mass matrix, or in the seesaw neutrino mass (as it will be seeing further in this chapter)
To calculate the neutrino mass we will use the seesaw mechanism (3.22)
(6.15) mν = M
′′
D
1
MM
M ′′TD
and to make the calculations easier let’s note that the matrix P , will make a transfor-
mation on the seesaw mass, in the following way:
(6.16) mν = M
′′
D
1
MM
M ′′TD = (PM
′
D)
1
MM
(PM ′D)
T = P (M ′D
1
MM
M ′TD )P = Pm
′
νP
This means we can make the calculations of the components of the seesaw mass and
then just include the phases of the P matrix.
The neutrino mass can be calculated component by component with the formula:
(6.17) (mν)ℓℓ′ =
∑
a
(M ′D)ℓa
1
(MM)a
(M ′D)ℓ′a.
The components of the neutrino mass are:
(6.18) (mν)11 =
e2iα(De1)
2
M1
+
e2iγ(De2)
2
M2
,
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(6.19) (mν)12 = (mν)21 = (mν)13 = (mν)31 =
eiα+iβ(De1Dµ1)
M1
+
eiγ+iω(De2Dµ2)
M2
,
(6.20) (mν)22 = (mν)33 =
e2iβ(Dµ1)
2
M1
+
e2iω(Dµ2)
2
M2
+
e2iρ(Dµ3)
2
M3
,
(6.21) (mν)23 = (mν)32 =
e2iβ(Dµ1)
2
M1
+
e2iω(Dµ2)
2
M2
− e
2iρ(Dµ3)
2
M3
.
Is important to remember that Mi are the masses for the right handed neutrino in the
mass eigenstate and the (mν)ij are the neutrino masses in the left handed flavor state.
Now we want to sum this complex numbers so they will be only a real number with
a complex phase, for this we have to remember that for a complex number:
(6.22) a + ib = ceiφ −→ c =
√
a2 + b2, φ = arctan
b
a
.
In the case of two real numbers each with a phase, the sum can be made by transforming
the exponential to a sine and cosine, so we have a number similar to (6.22)
Aeiφ1 +Beiφ2 = A(cosφ1 + i sinφ1) +B(cosφ2 + i sinφ2) =
(A cosφ1 +B cosφ2) + i(A sinφ1 +B sinφ2) = Ce
iφ3 ,
So we will have:
(6.23) C =
√
(A cosφ1 +B cosφ2)2 + (A sinφ1 +B sin φ2)2 =
√
A2 +B2 + 2AB(cos φ1 cos φ2 + sinφ1 sinφ2)
and
(6.24) φ3 = arctan
A sinφ1 + B sin φ2
A cosφ1 + B cosφ2
.
Then the neutrino mass can be written as:
(6.25) mν =


meee
iφee meµe
iφeµ meµe
iφeµ
meµe
iφeµ mµµe
iφµµ mµτe
iφµτ
meµe
iφeµ mµτe
iφµτ mµµe
iφµµ

 .
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With the phase transformation these components will be:
(6.26) (m′ν)11 = (mν)11e
2iδ1 ,
(6.27) (m′ν)12 = (m
′
ν)21 = (mν)12e
iδ1+iδ2 ,
(6.28) (m′ν)13 = (m
′
ν)31 = (mν)13e
iδ1+iδ3 ,
(6.29) (m′ν)22 = (mν)22e
2iδ2 ,
(6.30) (m′ν)23 = (m
′
ν)32 = (mν)23e
iδ2+iδ3 ,
(6.31) (m′ν)33 = (mν)33e
2iδ3 ,
To conserve symmetry we have to impose δ2 = δ3. Which is logical and could have been
done since the beginning in the matrix P , since different phases brake the symmetry
as have been seen. The Neutrino mass matrix will be then:
(6.32) mν =


meee
i(φee+2δ1) meµe
i(φeµ+δ1+δ3) meµe
i(φeµ+δ1+δ3)
meµe
i(φeµ+δ1+δ3) mµµe
i(φµµ+2δ3) mµτe
i(φµτ+2δ3)
meµe
i(φeµ+δ1+δ3) mµτe
i(φµτ+2δ3) mµµe
i(φµµ+2δ3)

 .
Now we will make a choice in the two δ phases in order to reduce the number of free
parameters in the model. The choice will be so the only phases remaining will be in
the diagonal of the matrix, the appropriate choice is then:
(6.33) δ1 = −φeµ + φµτ/2, δ3 = −φµτ/2.
This will result in the following matrix:
(6.34) mν =


meee
i(φee−2φeµ+φµτ ) meµ meµ
meµ mµµe
i(φµµ−φµτ ) mµτ
meµ mµτ mµµe
i(φµµ−φµτ )

 .
This matrix has four independent real parameter (masses), and two independent com-
plex phases, this is two less independent parameters than the Dirac mass matrix, that
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has five independent real parameter (masses), and three independent complex phases,
this is because the two δ phases could had been chosen before to eliminate two of five
complex phases.
Using the constriction (5.16) we can find an equation that relates the two phases:
(6.35) mee sin(φee − 2φeµ + φµτ ) = −mµµ sin(φµµ − φµτ ).
Matrix (6.34) has 4 real parameters, so we could use the measured values for ∆m232,
∆m221, m3 and tan θ⊙ to completely determine the real parameters of the matrix, leaving
only one free phase, because the two phases will be related by equation (6.35) .
Since mν is a mass matrix for a Majorana particle we can use equations (5.17)-
(5.23), to calculate the values of the mass of the neutrinos in the mass eigenvalue state,
by using the values calculated in equations (6.18)-(6.21) and (6.26)-(6.31). This will
lead to:
(6.36) m1 =
e2iα(De1)
2
2M1
+
e2iβ(Dµ1)
2
M1
+
e2iγ(De2)
2
2M2
+
e2iω(Dµ2)
2
M2
+
√
8(ei(α+β)(De1Dµ1)M2+e
i(γ+ω)(De2Dµ2)M1)
2+(e2iγ (De2)
2M1−2e2iω (Dµ2)2M1+e2iα(De1)2M2−2e2iβ (Dµ1)2M2)2
2M1M2
,
(6.37) m2 =
e2iα(De1)
2
2M1
+
e2iβ(Dµ1)
2
M1
+
e2iγ(De2)
2
2M2
+
e2iω(Dµ2)
2
M2
−
√
8(ei(α+β)(De1Dµ1)M2+e
i(γ+ω)(De2Dµ2)M1)
2+(e2iγ (De2)
2M1−2e2iω (Dµ2)2M1+e2iα(De1)2M2−2e2iβ (Dµ1)2M2)2
2M1M2
,
(6.38) m3 =
2D2µ3e
2iρ
M3
.
These values are very interesting; a quick interpretation will tell us that the hierarchy
for the right handed neutrino will invert the hierarchy for the neutrino. For example
if the right handed neutrino has a normal hierarchy (i.e M3 >> M2 >> M1), then the
neutrino will have an inverted hierarchy (i.e m2, m1 >> m3), if in opposite the right
handed neutrino have an inverted hierarchy (i.e M3 << M2 << M1), then the neutrino
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will likely have an normal hierarchy (i.e m1 << m2 << m3). This will be further
exemplify in chapter 8.
Another interesting fact that can be concluded of this equations is that mass of the
first two neutrinos depend on a combination of the masses of the first two right handed
neutrinos and four elements of the Dirac mass, but the mass of the third neutrino
depends only on the mass of the third right handed neutrino, and one element of the
Dirac mass.
CHAPTER 7
Leptogenesis
In this chapter we will introduce the concept of baryon asymmetry in the universe
and use the explanation of baryogenesis via leptogenesis to calculate the baryon asym-
metry parameter. We will have one more equations to use for determine a parameter
in the model, so far.
1. Leptogenesis and Sakharov Conditions
If we assume that immediately after the Big Bang there was the same quantity of
matter and antimatter in the universe (a fair assumption we believe), then we encounter
with a big problem, one that has been around for more than half a century, and has
been referred in cosmology as the matter-antimatter asymmetry, which as the name
explains, simply refers to the observation that the universe shows much more matter
present than antimatter. Even worse, almost all antimatter observed can be attribute
to collisions between primary particles and interstellar medium, this means it was not
created in the Big Bang.
Neutrinos were extremely important in the early universe; we believe that a large
quantity was created in those first moments, and that still today neutrinos form a
homogeneous background in all the universe (approximately 300 neutrinos per cm3),
similar to the microwave background. This means that the mass of the neutrino is an
important parameter for the evolution of the universe and played a role in the formation
of the supercumulus of galaxies. Basically the physical reactions in the first minutes of
the universe are the same as in the center of the stars, the primordial reaction is two
protons (hydrogen nucleus) fusing to become a helium atom, and then this reactions
continue to generate heavier atoms. When this happened in the early universe is what
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we referred as nucleosynthesis: The composition of the universe was “decided” in this
moments which lasted only three minutes. The exact prediction of the abundance of
elements at this time depends on the baryon-antibaryon asymmetry and on the baryonic
excess of photons (radiation).
Using the WMAP observation [63], we now know the baryon-antibaryon asymmetry
of the universe is given by:
(7.1) YB ≡ nB − nB¯
s
≈ ηB
7.04
≈ (8.66± .28)× 10−11.
Here s is the entropy density and ηB is the baryon to photon radio
(7.2) ηB = nB/nγ = (6.0± 0.2)× 10−10.
This number is extremely interesting, it actually means that right after Big Bang nu-
cleosynthesis there was ten billion and one quarks for every ten billion antiquarks, so
after annihilation one quark survived, and all the antimatter was eliminated.
A solution to this problem was proposed by Sakharov in 1967 [64], he stated that
there are three conditions that have to be met simultaneously in order to cause baryon
asymmetry if we start with a baryon symmetric universe.
(1) Baryon number violation (∆B 6= 0)
(2) C and CP violation
(3) A departure from thermal equilibrium (baryon number violating processes out
of equilibrium)
The second condition has been seen in particle decays, such as K0L → 2π and
Bd → J/ψK0s for example. The first condition is allowed in the Standard Model,
’t Hooft sphaleron’s [66], that are a solutions in the SM at non perturbative level, that
show that there is a B−L symmetry, this means that even if B and L are not conserve
separately (at one loop level the baryon and lepton number currents have anomalies)
B − L is. This is due to an infinite degeneration of the vacuum (minimum energy
state), in non-abelian gauge theory. The transition between this states is by means of
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tunneling with an exponentially decreasing factor that suppress this process, though
making the baryon asymmetry very small. In order for a sphaleron process to be viable
as a mechanism for baryon asymmetry it is necessary to have very high temperatures
(close to the electroweak phase transition) [67], but this will require that the Higgs
boson mass have an upper bound of mH < 80 GeV [68], since the lower limit measured
by experiments for this mass ismH > 114 GeV this process can’t explain the asymmetry
parameter, so it will be necessary to have another logical explanation.
In 1986 Fukugita and Yanagida proposed a baryogenesis via leptogenesis model
[65], in this model the right handed neutrino of the seesaw mechanism decayed in
the early universe producing the leptons of the SM, and the Higgs boson; if there is
CP violation in this process, then, there will be a lepton-antilepton number violation,
which lead to a lepton excess in the universe, and then via a spheralon interaction this
lepton number violation will convert into a baryon number since we require a B − L
conservation. So, if in the seesaw neutrino mass matrix, there are CP violating phases,
we will have leptogenesis, and might be able to explain the origin of matter abundance
(it is important to note that in order to have creation of lepton via the decay of a heavy
neutral lepton it is necessary that the decay rate be slower than the Hubble expansion
rate, because this will create a suppressed back reaction).
2. Baryon Asymmetry Parameter
To have leptogensis we need to have thermal disequilibrium, so this process have to
take place in a part of the universe were the neutrino reactions are below the Hubble
expansion rate, and then the process will start at a temperature T , were T ∼ M1, when
M1 is the lightest of the heavy neutral leptons. This means that the other two heavy
neutral leptons have disappeared via decays, because at higher temperatures they were
in equilibrium, but for a temperature T they are not. Since we only have now the
lightest of the heavy neutral leptons (N1), then only this particle is the responsible for
leptogenesis and consequently lepton asymmetry. The lepton asymmetry parameter
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will be then:
(7.3) ǫ1 =
Γ(N1 → ℓφ)− Γ(N1 → ℓ¯φ)
Γ(N1 → ℓφ) + Γ(N1 → ℓ¯φ)
.
Where ℓ is the lepton doublet and φ is the Higgs doublet.
The baryon asymmetry is proportional to the parameter ǫ1, but it is necessary to
include a constant in order to have an equality,
(7.4)
nB
nγ
≈ ǫ1η
g
.
The constant η is an efficiency factor, it has to be calculated taking into account how
much out of equilibrium the heavy neutral lepton decay is (remember that out of equi-
librium decay is the third of the Sakharov conditions). The other constant introduced
is due to the fact that only N1 is responsible for the baryon asymmetry, so we divide
by the spin degrees of freedom of the particles in the Standard Model (g = 118). The
baryon asymmetry parameter ǫ1 is in the order of 10
−6.
N
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Figure 7.1. Diagrams contributing to CP-violating N decay.
The tree-level decay width of N1 is Γ(N1 → ℓφ) = Γ(N1 → ℓ¯φ) = |h1b|2M1/8π.
So at tree level the decay rate to leptons and to antileptons is the same. Using the
interference between tree and loop diagrams shown in fig. 7.1 we can calculate the
decay rates:
(7.5)
Γ(N1 → ℓφ) ∝
∑
c
|h1c + Ah1bh∗dbhdc|2 , Γ(N1 → ℓ¯φ) ∝
∑
c
|h∗1c + Ah∗1bhdbh∗dc|2 .
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where A is the complex loop factor. With these decay rates we can calculate the lepton
asymmetry parameter:
(7.6) ǫ1 =
1
8π(hh†)11
3∑
b=2
Im
[
(hh†)21b
]
f(
M2b
M21
)
Where the function is:
(7.7) f(x) =
√
x
[
(1 + x) ln(
x
1 + x
) +
2− x
1− x,
]
here, hij is the Yukawas related to the Dirac mass, and Mi the masses of the right
handed neutrinos.
In the specific case were M3 >> M1 and M2 >> M1 then f(x) ≈ −3/2
√
x the
parameter ǫ1 will be calculated as:
(7.8) ǫ1 = − 3
16π(hh†)11
3∑
b=2
Im
[
(hh†)21b
]M1
Mb
.
We can actually assume that the mass hierarchy is different, since we don’t actually
know the mass of the heavy leptons, by this we mean that the mass M2 or M3, could
be the lightest. So we can define the parameters ǫ2 and ǫ3 which will required only to
change some of the indices.
To calculate explicitly ǫ1, first let’s remember that vh =M , where v is the vacuum
expectation value and M is the Dirac mass matrix, next we calculate the multiplication
of the Yukawas with it’s conjugate. For the denominator we will use
(7.9) (hh†)11 = |h11|2 + |h12|2 + |h13|2 ,
for the numerator we will have to calculate the imaginary part of
(7.10) (hh†)12 = |h11| |h21| ei(α11−α21) + |h12| |h22| ei(α12−α22) + |h13| |h23| ei(α13−α23),
and
(7.11) (hh†)13 = |h11| |h31| ei(α11−α31) + |h12| |h32| ei(α12−α32) + |h13| |h33| ei(α13−α33).
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Replacing the values of the matrix (6.11), the parameter ǫ1 is:
(7.12)
ǫ1=− 3
16piv2(D2
e1
+D2
e2
)
(D2e1D
2
µ1 sin(2(α−β))+D2e2D2µ2 sin(2(γ−ω))+2De1Dµ1De2Dµ2 sin(α+γ−β−ω))(
M1
M2
+
M1
M3
).
This formula depends on four real parameters and two relative phases. We have
to remember that at this point the real parameters for the Majorana mass matrix
can be determinated by the values of the solar angle (θ⊙) and the square difference of
the neutrino mases (∆m2⊙ and ∆m
2
ATM) up to a phase contribution. This will leave 4
equations and 5 variables for the Dirac mass matrix real parameters, and three complex
phases; by invoking the measured value of ǫ1, we can determine one more phase. This
will leave only one free phase at low energies in the complete model, and three free
parameters at high energies (one mass and two phases).
CHAPTER 8
An Example of the Model
In this part of the thesis we will like to exemplify a particular case. In this particular
example we will take the Majorana masses and give them values, this values have
actually not been measured, but we feel that making this assumptions will let the
model be further understood. The values we will take are M3 = 10
15GeV , M2 =
1012GeV and M1 = 10
9GeV . Or simply put, we will make an approximation taking
M3 >> M2 >> M1.
Using this values an making approximations, the first thing we can see is that the
values for the neutrino masses in the seesaw model are:
(8.1) (Mν)11 =
e2iα(De1)
2
M1
,
(8.2) (Mν)12 = (Mν)21 = (Mν)13 = (Mν)31 =
eiα+iβ(De1Dµ1)
M1
,
(8.3) (Mν)22 = (Mν)33 = (Mν)23 = (Mν)32 =
e2iβ(Dµ1)
2
M1
.
And making the phase transformation (6.16), then we will have the following ele-
ments:
(8.4) (Mν)11 =
e2iα+2iδ1(De1)
2
M1
,
(8.5) (Mν)12 = (Mν)21 = (Mν)13 = (Mν)31 =
eiα+iβ+iδ1+iδ3(De1Dµ1)
M1
,
(8.6) (Mν)22 = (Mν)33 = (Mν)23 = (Mν)32 =
e2iβ+2iδ3(Dµ1)
2
M1
,
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Which means that the simple choice α = −δ1 and β = −δ3 will completely remove all
the complex phases in the neutrino mass matrix, leaving it in the form:
(8.7) Mν =


mee meµ meµ
meµ mµµ mµτ
meµ mµτ mµµ

 =


(De1)2
M1
(De1Dµ1)
M1
(De1Dµ1)
M1
(De1Dµ1)
M1
(Dµ1)2
M1
(Dµ1)2
M1
(De1Dµ1)
M1
(Dµ1)2
M1
(Dµ1)2
M1

 .
Then the Dirac mass matrix with this choice of phases becomes:
(8.8) MD =


De1 De2e
i(γ′) 0
Dµ1 Dµ2e
i(ω′) −Dµ3ei(ρ′)
Dµ1 Dµ2e
i(ω′) Dµ3e
i(ρ′)

 ,
where γ′ = γ − α ω′ = ω − β and ρ′ = ρ− β. Also it can be seen that this matrix have
5 real masses and three phases, as it was seen in chapter 6.
With this information now we can make predictions for the values of some of the
parameters of the model, for this we have to remember that in (5.8) we have equations
that give the elements of the neutrino mass in the flavor eigenstate as a factor of the
masses in the mass eigenstate and the solar angle. Since m3 is zero mµµ = mµτ , all the
elements can be calculated with the equations:
(8.9) mee = m1 cos
2 θ⊙ +m2 sin
2 θ⊙,
(8.10) meµ = (m1 −m2) cos θ⊙ sin θ⊙/
√
2,
(8.11) mµµ = mµτ = (m2 cos
2 θ⊙ +m1 sin
2 θ⊙)/2.
We can use the experimentally measured values of the neutrino solar and atmo-
spheric oscillations, to calculate the values of the masses m1 and m2, remembering that
the mass m3 is zero.
(8.12) ∆m2ATM = m
2
2 → m2 = ±
√
∆m2ATM ,
(8.13) ∆m2⊙ = m
2
2 −m21 → m1 = ±
√
∆m2ATM −∆m2⊙.
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We will have two cases, for the sign of the masses (the other two possible cases are just
a π/2 phase transformation on the mass elements in the Lagrangian):
i) m1 > 0, m2 > 0
In this case, the three elements that we can calculate for the mass matrix, in the
flavor base are:
(8.14) mee =
√
∆m2ATM −∆m2⊙ cos2 θ⊙ +
√
∆m2ATM sin
2 θ⊙,
(8.15) meµ = (
√
∆m2ATM −∆m2⊙ −
√
∆m2ATM ) cos θ⊙ sin θ⊙/
√
2,
(8.16) mµµ =
√
∆m2ATM cos
2 θ⊙ +
√
∆m2ATM −∆m2⊙ sin2 θ⊙.
ii) m1 > 0, m2 < 0
In this other case the corresponding elements are:
(8.17) mee =
√
∆m2ATM −∆m2⊙ cos2 θ⊙ −
√
∆m2ATM sin
2 θ⊙,
(8.18) meµ = (
√
∆m2ATM −∆m2⊙ +
√
∆m2ATM) cos θ⊙ sin θ⊙/
√
2,
(8.19) mµµ =
√
∆m2ATM cos
2 θ⊙ −
√
∆m2ATM −∆m2⊙ sin2 θ⊙.
The experientially measured values for the solar angle and the atmospheric and
solar oscillation masses are: θ⊙ = 33.7 ± 1.3, ∆m2ATM = 2.6 ± .2 × 10−3eV 2 , ∆m2⊙ =
7.9± .28× 10−5eV 2. With this values we calculate for the two cases:
i) mee = 0.05± 0.002 eV, meµ = −0.00025± 0.000014 eV, mµµ = 0.051± 0.002 eV.
ii) mee = 0.019± 0.00225 eV, meµ = 0.033± 0.0014 eV, mµµ = −0.0198± 0.002 eV.
The calculated value for mee is a very important part of the model, since it can be
measured experimentally via the neutrinoless double beta decay. The accepted upper
limit for this mass is < (0.41 − 0.98) [69] which is well above the value calculated via
the equations (8.14) and (8.17).
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The two elements in the first column of the Dirac mass matrix can be calculated
using:
(8.20) De1 = ±
√
meeM1,
and
(8.21) Dµ1 = ±
√
mµµM1
We can also use equation (7.8) to find a similar result as (7.12):
(8.22) ǫ1=− 3
16piv2(D2e1+D
2
e2)
(D2e2D
2
µ2 sin(2(γ
′−ω′))+2De1Dµ1De2Dµ2 sin(γ′−ω′))(M1M2 ).
This equation depends in only one relative phase and four parameters (where two have
already been determined), so we can use it to eliminate one more free parameter.
At the end by making approximations using M3 >> M2 >> M1, we have com-
pletely determine the neutrino mass at low energies (using see-saw), but have left two
undetermined real masses at high energies (Dirac mass matrix). We have also make an
important prediction (mee) that can eventually (with more sensitive experiments) tell
if the model, or the symmetry used, are close to reality.
Some important facts about the approximation: First, the mass m3 is not actually
zero, if we look at equation (6.38), we realize that a high value of M3 is in the denomi-
nator will lead to a low value for m3. If all the Dirac masses are in the same order of
magnitude, then the order difference between M1 and M3 will be the same as m3 and
m1. Secondly, the values calculated for mee, meµ and mµµ, only depend on the fact
that mµµ ≈ mµτ , this will leave only three parameters in the matrix, being completely
determinated. Note that for this to be possible is not necessary that m3 = 0, only
that m3 <<
√
∆m2⊙. Finally, a quick observation of equations (8.1)-(8.3), will lead
to the identity meemµµ ≈ m2eµ, this relation does not show in the calculated values
for these masses, this means that the hierarchy has to be soft, i.e. the values between
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M1 and M2 can’t be that far apart. This will leave to more terms added in equations
(8.1)-(8.3) that inversely depend on M2, which eventually means that we will not be
able to eliminate all the phases at low energies, although their contribution to above
estimations is negligible.
CHAPTER 9
Conclusions and Perspectives for the Future
The motivation for this thesis was to construct a neutrino model were all the el-
ements of the mass matrix are determinated, the reality is that after making all the
calculation we realized that this objective was not met. Experimentally there are six
quantities we are able to measure: two square mass differences, three angles, and the
mass hierarchy. The values for two angles where used in the mixing matrix, leaving
four quantities that we can use to try to completely determine the parameters of the
mass matrix.
At low energies the neutrino mass matrix has six parameters: four real masses, and
two complex phases. So we can determine the four masses, but we will still have one
CP violation phase that will be a free parameter for the model (we must remember that
there are two CP phases, but they are related by a constriction due to the fact that
we require that the solar angle is real). On the other hand, for high energies, we have
five masses and three phases, in principle we will have one undeterminated mass and
three phases, but one of the phases can be fix via the baryon asymmetry parameter,
so there are two undeterminated parameters (one mass and two phases related by a
constriction). So there is loss of information (two parameters, that become only one
after using the baryon asymmetry parameter) when we pass form high energies to low
energies. Also, there are three mases for the right handed neutrinos that are unknow,
using different values for them will lead to predictions at low energies, comparing the
predictions with experimental values may give some information about the actual value
of the right handed neutrinos. An example of this was given in chapter eight, we
assumed that M3 is much higher than the other two, this lead to a low value for m3
and to numeric values for the Majorana mass terms, comparing this to the upper limit
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experimentally measured for the neutrinoless double beta decay (mee) suggests that the
value chosen for M3 might be in the right order of magnitude.
We are very interested in having a completely determinated model with out any
free parameters, this can be accomplished in two different ways, giving more physical
arguments, that will reduce the parameters in the Dirac mass matrix, or inventing
more experiments that will give more information, for example there are experiments
trying to measure CP violation at low energies. These experiments (if successful), will
measure one CP violation phase, and then we could completely determine the model
at low energies.
Other interesting result for the model is that, given that we have CP violation
phases in the Dirac mass, we have enough CP violation to consider baryogenesis via
leptogenesis to be a viable explication for the baryon asymmetry in th universe.
One last important thing to note, is that the µ − τ is not an exact symmetry. In
the charged leptons, the symmetry does not exist, the mass for the neutrino has to
be different, which can be calculated by using perturbations at one loop. However the
violation of µ− τ symmetry induced by such a source is very small [70].
Finally, some perspectives of what more can be done following the premises of the
thesis.
(1) Instead of using the hierarchy for the right handed masses where M3 is the
heaviest, we can use a different hierarchy, that will lead to not only different
surviving terms in an approximation similar to the one in chapter eight, but
will also lead to different baryon asymmetry parameters, depending on the
lightest of the masses.
(2) There are some interesting theories that propose neutrinos as dark matter.
One of them is adding sterile neutrinos to the model. Other is, that if the
right handed neutrinos have much lower mass than the ones used in this thesis
(∼ 100 KeV), they can generate dark matter (but there can not be baryogenesis
via leptogenesis). Both of this theories can be explored using µ− τ symmetry,
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(3) µ − τ symmetry can be introduce in other models, for example SU(2)R ×
SU(2)L×U(1)B−L. Where now the right handed neutrinos are part of a doublet
joint to the handed charged leptons. The symmetry can be used in other high
dimension and unification models.
(4) The left Majorana mass term that was not used for simplicity, can be intro-
duced in the model in order to do seesaw type II.
(5) Neutrino measurements and theories are actually very useful in cosmology to
explain, and measure, processes as stellar reactions, supernovas, and even the
Big Bang. Observation of the universe can help to measure more parameters
that can be used in the theory.
Appendix A. Explicit values for Majorana masses
Making the sum of complex numbers (6.23) and (6.24) on equations (6.18)-(6.21),
will lead to an the following components for matrix (6.25):
(9.1) (mν)11 = (mν)eee
φee =
r
(De1)
4
(M1)
2 +
(De2)
4
(M2)
2 +
2(De1)
2(De2)
2 cos[2(α−γ)]
M1M2
∗e
2iδ1+i arctan
"
M2(De1)
2 sin(2α)+M1(De2)
2 sin(2γ)
M2(De1)
2 cos(2α)+M1(De2)
2 cos(2γ)
#
(9.2) (mν)12 = (mν)21 = (mν)13 = (mν)31 = (mν)eµe
φeµ =
r
(De1)
2(Dµ1)
2
(M1)
2 +
(De2)
2(Dµ2)
2
(M2)
2 +
2De1De2Dµ1Dµ2 cos[α+β−γ−ω]
M1M2
∗
e
i(δ1+δ3)+i arctan
»
M2De1Dµ1 sin(α+β)+M1De2Dµ2 sin(γ+ω)
M2De1Dµ1 cos(α+β)+M1De2Dµ2 cos(γ+ω)
–
(9.3) (mν)22 = (mν)33 = (mν)µµe
φµµ =
r
(Dµ1)
4
(M1)
2 +
(Dµ2)
4
(M2)
2 +
(Dµ3)
4
(M3)
2 +
2(Dµ1)
2(Dµ3)
2 cos[2(β−ρ)]
M1M3
+
2(Dµ1)
2(Dµ2)
2 cos[2(β−ω)]
M1M2
+
2(Dµ2)
2(Dµ3)
2 cos[2(ρ−ω)]
M2M3
∗
e
2iδ3+i arctan
»
M2M3(Dµ1)
2 sin(2β)+M1M2(Dµ3)
2 sin(2ρ)+M1M3(Dµ2)
2 sin(2ω)
M2M3(Dµ1)
2 cos(2β)+M1M2(Dµ3)
2 cos(2ρ)+M1M3(Dµ2)
2 cos(2ω)
–
(9.4) (mν)23 = (mν)32 = (mν)µτe
φµτ =
r
(Dµ1)
4
(M1)
2 +
(Dµ2)
4
(M2)
2 +
(Dµ3)
4
(M3)
2 −
2(Dµ1)
2(Dµ3)
2 cos[2(β−ρ)]
M1M3
+
2(Dµ1)
2(Dµ2)
2 cos[2(β−ω)]
M1M2
− 2(Dµ2)
2(Dµ3)
2 cos[2(ρ−ω)]
M2M3
∗
e
2iδ3+i arctan
»
M2M3(Dµ1)
2 sin(2β)−M1M2(Dµ3)2 sin(2ρ)+M1M3(Dµ2)2 sin(2ω)
M2M3(Dµ1)
2 cos(2β)−M1M2(Dµ3)2 cos(2ρ)+M1M3(Dµ2)2 cos(2ω)
–
57
Bibliography
[1] H. Becquerel, Compt. Ren. 122 (1896) 420; H. Becquerel, Compt. Ren. 122 (1896) 501; H. Bec-
querel, Compt. Ren. 122 (1896) 559; H. Becquerel, Compt. Ren. 122 (1896) 689; H. Becquerel,
Compt. Ren. 122 (1896) 762; H. Becquerel, Compt. Ren. 122 (1896) 1086; H. Becquerel, Compt.
Ren. 124 (1897) 438; H. Becquerel, Compt. Ren. 124 (1897) 800;
[2] J. Chadwick, Verhandl Dtsch. Phys. Ges. 16, 383 (1914).
[3] C. D. Ellis and W. A. Wooster, Proc. Roy. Soc. A117, 109 (1927).
[4] P. A. M. Dirac, Proc. Roy. Soc. A114, 243 (1927); idem, A114, 710 (1927).
[5] W. Pauli, Open Letter to Radioactive Persons, 1930, for an English translation see: Physics Today
31, 27 (1978).
[6] W. Pauli, in Septieme Conseil de Physique, Solvay (Gauthier Villars, Paris, 1934), p. 324.
[7] E. Fermi, Z. Phys. 88, 161 (1934); idem, Nuovo Cim. 11, 1 (1934).
[8] E. J. Williams and G. E. Roberts, Nature 145, 102 (1940).
[9] S. Tomonaga, Bull. I. P. C. R. (Riken Iho) 22, 545 (1943), for the English translation see Prog.
Theor. Phys. 1, 27 (1946).
[10] R. P. Feynman, Phys. Rev. 74, 1430 (1948); idem, 76, 769 (1949).
[11] J. Schwinger, Phys. Rev. 74, 1439 (1948); idem, 75, 651 (1949).
[12] T. Tati and S. Tomonaga, Prog. Theor. Phys. 3, 391 (1948); see also: Z. Koba, T. Tati and S.
Tomonaga, Prog. Theor. Phys. 2, 101 and 198 (1947).
[13] F.J. Dyson, Phys. Rev. 75, 486 (1949).
[14] J. Tiomno and J. A. Wheeler, Rev. Mod. Phys. 21, 144 (1949).
[15] T. D. Lee, M. N. Rosenbluth, and C. N. Yang, Phys. Rev. 75, 905 (1949).
[16] C. S. Wu, et al., Phys. Rev. 105, 1413 (1957).
[17] R. L. Garwin, L. M. Lederman, and M. Weinrich, Phys. Rev. 105, 1415 (1957).
[18] J. I. Friedman and V. L. Teledgi, Phys. Rev. 105, 1681 (1957).
[19] M. Kobayashi and T.Maskawa, Prog. Theor. Phys. 49, 652 (1973).
[20] J. Schwinger, Ann. Phys. 2, 407 (1957).
[21] T. D. Lee and C. N. Yang, Phys. Rev. 108, 1611 (1957).
58
BIBLIOGRAPHY 59
[22] S. L. Glashow, Nucl. Phys. 22, 579 (1961).
[23] F. J. Hasert, et al., Phys. Lett. B 46, 121 (1973); idem, B 46, 138(1973).
[24] G. Arnison, et al. (UA1 Collab.), Phys. Lett. B 122, 103 (1983).
[25] A. Salam, Nuovo Cim. 5, 299 (1957).
[26] T. D. Lee and C. N. Yang, Phys. Rev. 105, 1671 (1957).
[27] L. D. Landau, Zh. Eksp. Teor. Fiz. 32, 407 (1957); see also JETP 5, 337 (1957).
[28] M. Goldhaber, L. Grodzins, and A. W. Sunyar, Phys. Rev. 109, 1015, (1958).
[29] R. P. Feynman and M. Gell-Mann, Phys. Rev. 109, 193 (1958).
[30] R. E. Marshak and E. C. G. Sudarshan, Phys. Rev. 109, 1860 (1958).
[31] J. J. Sakurai, Nuovo Cim. 7, 649 (1958).
[32] B. Pontecorvo, JETP, 6, 429 (1958); Z. Maki, Nakagawa and S. Sakata, Prog. Theor.Phys. 28,
870 (1962).
[33] J. Goldstone, Nuovo Cim. 19, 154 (1961); see also: Y. Nambu, Phys. Rev. Lett. 4, 380 (1962).
[34] P. W. Higgs, Phys. Lett. 12, 132 (1964).
[35] Glashow, S. Gell-Man, M. Gauge Theories of Vector Particles, DOE Technical Report (1961)
[36] A. Salam and J. C. Ward, Nuovo Cim. 19, 165 (1961).
[37] A. Salam and J. C. Ward, Phys. Lett. 13, 168 (1964).
[38] S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967).
[39] G. S. Abrams et al. (MARK-II Collab.), Phys. Rev. Lett. 63, 2173 (1989).
[40] Super-Kamiokande Collaboration, Y. Fukuda et al., Phys. Rev. Lett. 81, 1562 (1998); T. Kajita,
presented at the Neutrino 98 conference held in Takayama, Japan, 1998.
[41] Particle Data Gropu. J. Phys. G33, p.478 (2006)
[42] Cottingham W.N, An Introduction to the Standard Model Of Particle Physics, Cambridge Uni-
versity Press, 1st edition, 2003, p. 104-108, 112-114.
[43] Peskin M.E and Schroeder D.V, An Introduction to Quantum Field Theory, Westview Press, 1st
edition, 1995, p. 690-703.
[44] S.L. Glashow, Nucl. Phys. B 22, 579 (1961); S. Weinberg, Phys. Rev. Lett. 19, 1264 (1967); A.
Salam, in: Proceedings of the 8th Nobel Symposium, p. 367, ed. N. Svartholm, Almqvist and
Wiksell, Stockholm 1968
[45] Mohapatra R, Massive Neutrinos in Physics and Astrophysics, World Scientific, 3rd edition, 2004,
p. 6.
[46] Mohapatra R, Massive Neutrinos in Physics and Astrophysics, World Scientific, 3rd edition, 2004,
p. 21-25.
BIBLIOGRAPHY 60
[47] A. Baltz, A.S. Goldhaber, and M. Goldhaber, Phys. Rev. Lett. 81, 5730 (1998).
[48] M. Jezabek and A. Sumino, hep-ph/9807310 (1998).
[49] V. Barger, S. Pakvasa, T. J. Weiler, and K. Whisnant, hep-ph/ 9806387, (1998).
[50] M.C. Gonzalez-Garcia, Michele Maltoni , arXiv:0704.1800
[51] B. T. Cleveland et al., Ap. J. 496, 505 (1998); K. S. Hirata et al., Kamiokande Collaboration,
Phys. Rev. Lett. 77, 1683 (1996); W. Hampel, GALLEX Collaboration, Phys. Lett. B 388, 384
(1996); J. N. Abdurashitov et al., SAGE Collaboration, Phys. Rev. Lett. 77, 4708 (1996); Y.
Suzuki, Super-Kamiokande Collaboration, Talk presented at Neutrino 98, Takayama, Japan.
[52] Kayser B. et al. The Physics of Massive Neutrinos, World Scientific Lecture Notes in Physics Vol.
25, 1989, p. 10-13.
[53] Chaichian M. and Nelipa N.F. Introduction to Gauge Field Theories, Springer-Verlag, Germany
1984, p. 153-155.
[54] L.-L. Chau and W.-Y. Keung, Phys. Rev. Lett. 53, 1802 (1984).
[55] Kayser B. et al. The Physics of Massive Neutrinos, World Scientific Lecture Notes in Physics Vol.
25, 1989, p. 77-78.
[56] S.M. Bilenky. Et al. hep-ph/9812360 (1999)
[57] S. M. Bilenky and S. T. Petcov, Rev. Mod. Phys. 59, 671 (1987)
[58] Mohapatra R, Massive Neutrinos in Physics and Astrophysics, World Scientific, 3rd edition, 2004,
p. 21-25.
[59] M. C. Gonzalez-Garcia And Yosef Nir, Rev. Mod. Phys. 75, 346 (2003)
[60] T.P Cheng and Ling-Fong Li, Phys. Rev. D. 22, 2860 (1980)
[61] M. Gell-Mann, P. Ramond and R. Slansky, in Supergravity, edited by P. van Nieuwenhuizen and
D. Freedman, (North-Holland, 1979), p. 315; T. Yanagida, in Proceedings of the Workshop on the
Unified Theory and the Baryon Number in the Universe, edited by O. Sawada and A. Sugamoto
(KEK Report No. 79-18, Tsukuba, 1979), p. 95; R.N. Mohapatra and G. Senjanovic, Phys. Rev.
Lett. 44 (1980) 912.
[62] Mohapatra R, Massive Neutrinos in Physics and Astrophysics, World Scientific, 3rd edition, 2004,
p. 141-143. also check Kayser B. et al. The Physics of Massive Neutrinos, World Scientific Lecture
Notes in Physics Vol. 25, 1989, p. 84-92.
[63] D. N. Spergel et al., astro-ph/0603449.
[64] A. D. Sakharov, JETP Lett. 5 (1967) 24.
[65] M. Fukugita and T. Yanagida, Phys. Lett. B174 (1986) 45.
[66] G. t Hooft, Phys. Rev. Lett. 37, 8 (1976).
BIBLIOGRAPHY 61
[67] Kuzmin, V.A. et al. PHYS. Lett. 155, 36 (1985).
[68] For review see, Cohen, A.G, et al. Ann. Rev. Nucl. Part. Sci. 43, 27 (1983).
[69] Avignone III, F. arXiv:0708.1033v1
[70] Juan Carlos Go´mez-Izquierdo, Abdel Pe´rez-Lorenzana, arXiv:0711.0045
